An account of recent progress in regularization of strain softening models for geomaterials is given.
where Ty is a reduced stress, and ay is a back stress.
For demonstration purposes we restrict the analysis into two dimensions and we assume that the back stress is isotropic. Accordingly the reduced stress differs from the equilibrium stress only in its isotropic part, = s;j + a5y; ocjj = αδ ί3 => ty = sy + (σ -α)δ ϋ
In particular we adopt a 'modified' Mohr-Coulomb yield surface Non-local Assumption·. Back stresses depend on degree of local inhomogeneity of the granular fraction of the material. In particular we assume that back stress evolves only in regions where the local value of the solid fraction differs significantly from its local average; i.e. if r = 1 -η denotes the solid volume fraction, then
This is expected to be the case inside zones of strain localization, where substantial rarefaction is taking place. The material constant c in the above equation has the dimension of force. If we normalize it by the elastic compression modulus (or any other material constant with dimension of stress), we obtain a new material constant with dimension of length. This constant is usually called the material length, and is correlated to the grain size of the granular material
If we introduce in the above evolution equation the relation between porosity and plastic volumetric strain, as well as the dilatancy constraint we obtain to some degree of approximation the following form of the evolution law for the back stress (cf. [9] )
The minus sign in the r.h.s. of the above equation is understood as follows: Inside the localized zone porosity varies, and assumes a maximum value somewhere at the center of it, and with that we expect that V ψ < 0. This means that for dilatant material (β > 0) we expect that ά > 0, and that the contribution of the back stress in the yield function will be effectively like an increase of the local confining pressure. In other words, in regions of material strain softening, a larger than local region contributes to the overall strength and non-local effects lead to overall strengthening of the material.
In the considered case, Prager's consistency condition, 
The modulus H 0 is the snap-back threshold value for the softening modulus, and is usually restricted to be strictly positive in order to exclude locking behavior
Here is the plastic modulus Η becomes, and the 'micro-deformation' έξ=ψϋ=ψ00/3τ ϋ )
Notice that in Mindlin's terminology the elastic strain-rate should be called a relative strain.
For homogeneous ground plastic-strain states, the term with the Laplacian on the l.h.s. of eq. (1) vanishes identically and the consistency condition collapses to that of the classical flow theory of plasticity; i.e. to a monomial equation which can be readily solved in terms of the plastic multiplier ψ . <1> Q . Ψ = ~^j-B kl e kl where, (·) denote the Föppl-Macauley brackets so that ψ > 0.
In general direct elimination of ψ will not be possible and one has to carry the consistency condition (1) as an additional field equation together with the balance equations, and to treat ψ as an additional degree of freedom [4] 1 . Here we suggest a procedure [10] , which indeed allows for elimination of ψ from the set of governing equations within a good approximation, and simplifies the problem drastically. In operator form eq. (1) reads, 1 As far numerical implementations is concerned, the use of the plastic multiplier ψ as an additional degree of freedom in the continuum formulation bears with it the difficulty of having to introduce also some artificial boundary condition in terms of ψ at any boundary nodal point.
(1 -^ V )ψ = -Β,,έ,, => ψ -{1 + rV + 0{t)} π 
The Restricted MINDLIN-type Continuum
Constitutive equation (2) describes the behavior of 2 nd gradient elastoplastic solids, which can be interpreted as follows: The true stress-rate consists of two parts, where crjj^and σ^ depend on the strain-rate and its Laplacian, respectively, = Cjjkl^kl (3) The stress-rate tensor coincides with the constitutive stress-rate of the classical flow theory of plasticity. Following Mindlin's [3] terminology, this stress is called the rate of the 'Cauchy' stress. We define a self-equilibrating double-stress m^ such that ajp is in equilibrium with it, Finally if one assumes that the double stress-rate m ki j is proportional to the gradient of the strain-rate, ri'kij -Cy kmi /~c imn ; c ijk and neglects non-linear gradient terms, condition (4) implies eq. (3.2). Accordingly, the constitutive eqs. (2) of gradient dependent flow-theory with yield surface and plastic potential surface describe the behavior of a restricted Mindlin-type continuum; i.e. a microhomogeneous continuum for which the macroscopic strain-rate coincides with the microdeformation rate. This leads to vanishing relative deformation rate, and to a rate of microdeformation gradient which coincides with the strain-rate gradient. We remark finally that the Mindlin-type continuum extension of flow-theory involves only one new material parameter, the material length t. This is unlike Cosserat-continuum extension of plasticity theory, where plastic solids with the microstructure of a micropolar continuum are considered, and, in addition to the material length, a shear modulus for the antisymmetric shear stress-rates has to be introduced [4] ,
Virtual Work Equation
The weak formulation of the balance law of linear momentum together with the appropriate set of boundary conditions for the considered 2 nd gradient elasto-plastic solid is achieved through the principle of virtual work. The later takes the following form [1, 2, 3, 11] , j {ä^i j +m ijk 5c ijk -(f i -pa tt v i )5v i }dV= J (t^ + rhjDÖVj) dS V dv 5vj = 0; D5vj = 0 on:3V v
In the above virtual work equation the following notation is used:
• 8vj: virtual velocity
• fj: body force (rate)
• ρ : mass density of material
• tj : surface tractions (rates)
• rhi: surface double-tractions (rates)
• D = n k 5 k : the normal derivative to the boundary 3V U and n^ is the (unique) unit outward normal on this boundary.
We notice that even with the velocity given on a boundary point, its derivative at this point is unrestricted. This means that at a boundary point the velocity and/or its normal derivative may be prescribed [11] .
Estimation of Shear-Band Thickness
Such a 2 nd gradient extension of the flow-theory of plasticity can be used to provide some further insight into the post-bifurcation behavior in biaxial test with granular material. The resulting partial differential equations, which describe continued equilibrium, constitute a singular perturbation of the classical ones; i.e. they reduce to the classical equations if the material length I is allowed to go to zero. If one is interested in studying boundary-value or eigen-value problems, which involve some geometric dimension L of a soil structure, then the coordinates x ; must be non-dimensionalized properly (by L) and the highest derivatives in the governing p.d.e's appear then with coefficients that goes to zero as the number (f/L) . In the limit the governing p.d.e's reduce to the ones that govern deformation in the underlying classical continuum [11] . If, on the other hand, one is interested in determining whether or not shearbands exist, then one has to investigate equilibrium across two adjacent planes at a distance 2d B that correspond to shear-band boundaries. With the assumption that (^/d B )=0(l), the higher order derivatives in the governing p.d.e's become then essential. The shear band thickness 2d B is called then an internal length of the problem, and above consideration means simply that an internal length scales with the material length.
Following such analyses it is concluded that prior to classical bifurcation there is no real solution for the shear band thickness; i.e. there exist no localization solution. At the classical bifurcation point the shear-band thickness is infinite as compared to the material length t. The theoretically predicted shear-band thickness is rapidly decreasing in the post-bifurcation regime. The later is a well-established qualitative result that should hold for any linear analysis that is based on a physically sound constitutive theory. Fig. 1 demonstrates in fact that no localization is possible at the bifurcation point of the classical description and that the deformation rapidly localizes in the post-bifurcation regime. From uniqueness requirements, we obtain that the shear-band thickness is bounded by an expression that is interpreted as the maximum shear-band thickness. This quantity varies inversely to the square root of the softening rate h s , e.g. One should keep in mind that the shear-band thickness is a directly observable physical property, whereas the softening rate must be determined at best through inverse analysis on the basis of that thickness. Above remark points out however that softening rate and internal length cannot be chosen independently, but must always satisfy restrictions that stem from global uniqueness requirements.
